Limits

How Close to the Edge Dare You Go?
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When I was a kid, my aunt went and bought this tiny little car. Undoubtedly the real reason she did it was because she was going through some financial difficulties at the time, and it was all she could afford. But what she told her kids (my cousins) was that small cars were good. Big cars hog the road, don't drive well, destroy the earth, and so on. Well one day my aunt and cousins showed up packed into this thing. The eldest of my cousins got out and proceeded to repeat the whole "small car good, big car bad," line to me. We then walked down the driveway, and there was our big old station wagon, which my dad had assured me was a great car. So I asked my cousin, "Is this car too big?" Realizing that a little tact was called for, he replied, "No, but if it were any bigger, it would be too big." 

Well, I found that response perfectly maddening. You mean, if you added just one inch, it would be too big? What if you just added a coat of paint to the bumper -- that would make it a little bigger. Would it be too big then? It was clear to me that there was no place where too-bigness started, only a place where small-enough ended. What was maddening had nothing to do with my cousin. It had everything to do with discovering something new about how the world works. What was the biggest a car could be and not be too big? Our station wagon filled that bill. But what was the smallest a car could be and still be too big? In my cousin's world, no such thing could possibly exist. 

It took days for me to resolve this dilemma in my own head. 
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And what resolved it was thinking about all the little-boy macho games I had played with other boys -- like the time a bunch of us found our way to the roof of a condemned building and dared each other how close to the edge of the roof we could stand. Clearly there was a place where you could not stand, and if you tried to stand there you would find yourself plummeting toward the ground. But there was no place that was the absolute limit of where you could stand without falling, and that, of course, was the whole point of the game. No matter how close you stood to the edge, some other guy could stoke up his courage and skooch just a tad closer to disaster than you were. 

And this brings us to another kind of a limit. How close can you stand to mathematical disaster without falling off the edge? But what is mathematical disaster? Well, division by zero, for one. Thou shalt divide by any of the fruits of this garden, but by the tree of zero, thou shalt not divide. You mean I can divide by a tiny little number like 0.00000001, but not by zero? Yep. Even by 0.0000000000001? Yep -- even tinier than that. Just don't go dividing by zero. 

So there is that spot we can't stand on without falling. But if I dare you to stand closer to it than I am, you can always do it. 

So suppose I had the function: 
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 Equation 1
Well, you can probably quickly convince yourself that the numerator factors and you have the same as: 
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Equation 2

And of course the x - 1 on the top cancels with the same thing on the bottom [image: image1.png]


right? and you're left with: 
   y = x - 2    Equation 3                                                  

Well, kind of. That works for all values of x except x = 1. When x = 1, the denominators of equations 1 and 2 become zero, and so you have no function at all. In other words, the domain of this function does not contain the point, x = 1. So if we graph this function, we have a straight line with slope 1 and intercept -2, but with a hole in it at x = 1 (see figure 2.1-1). The figure shows the missing point at x = 1. But observe that you have a notion of what that point ought to be. If you just reached in with your felt-tip pen and blotted at (1, -1) you have a feeling that you would be completing the graph. 

Let's go back to the macho boys standing on the roof of the condemned building, but imagine that it's a sloped roof. So the altitude of each boy's feet varies according to where on the roof he is standing. Based upon how far right or left a boy is standing, we can determine how high his feet are. Imagine that red trace of our graph represents the roof. The hole in the graph is a hole in the roof. If one of the boys tries to stand there, he will fall all the way to the basement and his mother will be angry with him. But the boys persist in a game of who-can-stand-nearest-the-hole. So how high would a boy's feet be if he could stand on the hole? 

In a way, that sounds like an absurd question -- rather like the proverbial tree falling in the woods with nobody around. You could even be a smartass about it and say his feet would be at the same altitude as the rest of him, all twisted up in the basement. Yet we have a sense that there is a serious answer to this based upon the behavior of the rest of the roof. 

Let's say we measure altitude from the basement, which on our graph we'll say is at y = -10 meters (that is the basement is 10 meters below the x-axis), and that each square on the graph is 1 meter. We sense that the answer to how high a boy's feet would be if he could stand on the hole ought to be 9 meters. But why? 

We can learn much from the game they are playing. We see that the closer a boy stands to the hole, the closer his feet are to being exactly 9 meters above the basement. How close to 9 meters above the basement would you like a boy's feet to be? No matter how close that is, you can dare him to stand close enough to the hole that his feet will be within that degree of closeness to 9 meters above the basement. 

And that's the point. If you can tell me how close the boy's feet have to be to 9 meters, I can tell you how close he has to stand to the hole. That is what makes 9 meters a limit. So we can say, the limit of altitude as the boy's position goes toward the position of the hole is 9 meters. Or to express it in the standard math shorthand: 

    lim                  altitude of his feet  =  9 meters

    boy's position → position of hole
Or to put it more traditionally, let x be the boy's position. Let xh be the position of the hole. Let af be the altitude above the basement of his feet. Then we write: 

     lim   af  =  9 meters

     x → xh
Now let's analyze equations 1 and 2 again. As we already observed, everywhere except at x = 1 either of these functions is identical to y = x - 2. At precisely x = 1, the functions given in equations 1 and 2have no meaning. But as x gets very close to 1, y = x - 2 gets very close to -1. Not only that, you can get y = x - 2 as close to -1 as you'd like simply by skooching x close enough to 1. We can see this trend without ever having to evaluate y at the forbidden value of x = 1. And so we say, the limit of y as x goes toward 1 is -1. Or using the mathematical shorthand: 

           (x - 1) (x - 2)

     lim                     =  (x - 2)  =  -1

    x → 1      (x - 1)

Extra Credit

Make up a story similar to this one in which you describe an event and relate it to algebraic limits
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