LIMITS

A Day at the Races: Achilles and the Tortoise

Around 500 BC, there was a Greek philosopher named Zeno. You've probably heard of him, or at least of the dilemma he raised. He stated it in a number of different ways, but I shall concentrate on just one. 
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	(tortoise and sundial thanks to AAAClipart)


The hero, Achilles, and the tortoise agree to a foot race. The tortoise complains that Achilles has the gift of speed, but alas he, the tortoise, does not. So he petitions Achilles for a handicap. And Achilles agrees to allow the tortoise a 1000 meter head start. Surely, Achilles thinks to himself, I can still win this race. 

Now Achilles certainly does have the gift of speed and can do a steady 5 meters per second without even breaking a sweat. So that is how fast Achilles decides to run. But the poor tortoise redlines at just half a meter per second. And knowing that he'll have to do his very best even to have a chance against the speedster, Achilles, he must go just as fast has he can go. 

The starting signal sounds precisely at noon. The problem is to figure out exactly what time Achilles passes the tortoise. 

Well, a little elementary algebra quickly gives us an answer. If xA is where Achilles is, xT is where the tortoise is, and t is seconds past noon, we have the following equations: 
Equation of the tortoise:
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Equation of Achilles:
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Since Achilles and the tortoise must be in exactly the same spot when one passes the other, we solve for xA = xT. This being the case, we can solve for t: 
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   t  =  222   seconds

             9

Zeno probably also had the algebraic wherewithal to solve the problem in a similar way. But he observed that after 200 seconds, Achilles runs the 1000 meter distance of the tortoise's head start. At that time he is where the tortoise started. But in that amount of time, the tortoise has run 100 meters. So 20 seconds later (that is at t = 220 seconds) Achilles catches up to that spot. But in those 20 seconds, the tortoise has run another 10 meters. It takes Achilles only 2 seconds to catch up to that spot. But by then, the tortoise has run another meter. Zeno realized that this process goes on forever, with Achilles always catching up to where the tortoise was, and the tortoise always running a little bit farther. So how can Achilles ever pass the tortoise? 
http://www.karlscalculus.org/calc2.html
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Questions
Answer each question in complete paragraphs. Please type.

1. Describe the setting of the race between Achilles and the tortoise.

2. Explain in your own words the algebraic method used to solve the problem

3. Explain what Zeno observed after 200 seconds had elapsed. How did he get those values of time and distance? Show the math involved.

4. With your knowledge of limits, how can you explain that Achilles did pass the turtle?
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